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what vague and complex subject, and to place certain definite features in 
theoretical relation to one another, that the discussion here presented should 
be judged. Some of the views expressed have been stated before in other 
contexts/* and in a more detailed and complete memoir I hope to refer to 
these and other theories on the subject. In this account I have mentioned, 
very briefly, only those papers which I have had actual occasion to use in the 
present discussion ; but it is hardly necessary to state how much such an 
investigation must owe to the labours of others who have previously studied 
the many-sided phenomena dealt with. 

It is a pleasant duty to acknowledge the assistance which has been placed 
at ni}^ disposal, in the execution of the computations necessary for this paper, 
by the Government Grant Committee of the Eoyal Society and by the 
Astronomer Eoyal. 
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During the last 15 years, the problem of determining the effect at a distant 
point of the earth's surface due to a Hertzian oscillator emitting waves of a 
definite frequency has been the subject of numerous theoretical investigations. 

When certain assumptions of a physical character have been made, the 
problem is of a definitely mathematical type ; it is in fact reduced to the 
problem of finding an approximate formula for the sum of a certain 
complicated series of an oscillatory nature ; we shall summarise the principal 
methods which have been devised for dealing with this series. 

The method of Poincaref and Mcholson| is to replace the series by an 
integral and then to obtain an approximate value for the integral by 
means of the calculus of residues. The analysis employed by them, though 

* Since writing this paper, for example, I have noticed that the symmetry of the 
disturbance variation about the solar meridian plane (§ 6) had been remarked by 
van Bemmelen in 1903 (* Terrestrial Magnetism,^ vol. 8, p. 153), who also {ihid,^ vol. 5, 
p. 123) refers to a theory of " current- vortices " {of. § 11) by Schmidt (* Met. Zeitschrift,' 
1889, p. 385). 

t ' Palermo Rendiconti,' vol. 29, pp. 169-260 (1910). 

I * Phil, Mag.,' 1910, passim. 
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substantially sound, seems to be lacking in rigour in some points of detail; 
it is, moreover, exceedingly elaborate and their approximations become inA^'alid 
in the neighbourhood of the antipodes of the transmitter. 

The method employed by Macdonald* is to approximate to the terms of 
the oscillatory series, and then to replace the modified series by an integral. 
From the purely mathematical point of view this procedure seems open to 
question, as the sum of the series is considerably smaller than the differences 
between the larger terms in the original series and the corresponding terms 
of the modified series. It appears, however, that the sum of the differences 
is of the same order of smallness as the sum of the series, and consequently, 
as in many other physical problems, the end justifies the means. It should 
be pointed out that the reason for the chief discrepancy between the form of 
Macdonald's result and the results obtained by Poincare and Nicholson is 
that Macdonald usesf the approximation 

Pn (cos 0) ^ Jo {(2ri + 1) sin 1 9} 

when n is large; but it is obvious from Laplace's approximation for 
P^(cos d) that this formula ceases to be a valid approximation when is large 
enough for nO^ to be appreciable. ' 

The problem has been treated in a directly arithmetical manner by LoveJ 
whose memoir contains a complete bibliography. 

A completely different mode of procedure is adopted by March§ followed 
by Eybczynski || ; these investigators work ah initio with a definite integral 
in place of a series ; but it has been pbinted out by Love that the whole of 
their analysis is fundamentally unsound, since the expression which they 
assume for the magnetic force has a line of singularities along the negative 
half of the axis of harmonics, and such an assumption is, of course, incorrect. 
The initial error seems to lie in an " inversion formula " which somewhat 
resembles Fourier's integral formula ; the formula in question, according to 
March, is proved in his dissertation, but I have not succeeded in obtaining a 
copy. 

Further criticisms could also be made as to the manner in which they 
approximate to the integral ; for instance, while they i3rofess to approximate 
to an integral involving a Legendre function of the first kind, it seems that 
they really obtain an approximation to an integral in which the function P„ 
is replaced by the function Q^^. 

■^ 'Eoy. Soc. Proc.,' A, vol. 90, pp. 50-61 (1914), and earlier papers. 

t Ibid.y p. 55. 

J ^PML Trans.,' A, vol. 215, pp. 105-131 (1915). 

§ ' Ann. der Physik,' vol. 37, pp. 29-50 (1912). 

II 'Ann. der Physik,^ vol. 41, pp. 191-208 (1913). 
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In view of the discrepancies between the results obtained by different 
investigators, Dr. van der Pol has asked me to make a further examination 
of the problem, and to determine the magnetic force at the antipodes of the 
transmitter. This paper is the outcome of the analysis, and it appears to 
show that the physical assumptions do not account for the observed amount 
of diffraction. It therefore seems that further physical facts, such as the 
ionisation of the upper regions of the atmosphere, play a dominating part. 

I must not omit to acknowledge gratefully the help which Dr. van der Pol 
has given me in connection with the physical aspects of the problem. 

2. The essential advance in this paper is closely connected with the funda- 
mental error of March and Eybczynski which was pointed out by Love. 

In dealing with an oscillator on the positive half of the axis of harmonics, 
those writers express a Hertzian function by an integral of P^ (cos 0), the 
integration being carried out with regard to the degree s of the Legendre 
function ; such an integral has a line of singularities along the line = tt, 
and is regular along the line = 0. 

The fact is that, when harmonics of non-integral degree are introduced, 
the appropriate function to use is not Vs(gos 6), but P5(— -cos 0) ; this 
fundamental point is somewhat obscured by the equation 

Pn(-cos0) = (-)MV(cos0), 

which holds between the functions whose degrees are integers. The failure 
of convergence of an integral involving P5(— cos 6) along the line = 
(when an oscillator is placed on the positive half of the axis of harmonics) 
is strictly analogous to the failure of convergence of the series 1 -^ z + z^ -{- . . . , 
all round the circle |^|= 1 on account of the single singularity of the 
function 1/(1— ^) at the points = 1. 

A simple electrostatic example is afforded by the potential of a unit 
charge at distance a from the origin. The potential near the origin is 



CO 



V = (1/a) 2 (r/a)" P„ (cos 6) 

n-0 



00 



= (l/a) S (^)n(r/ayVn{-cosd) 



n — 



(r/ayPsi—oosO) 



2ia] sinsTT 

where the contour starts from +00 and returns to +oc after encircling the 
points s = 0, 1, 2, ..., which are poles of the integrand. 

On swinging round the contour* so as to surround the other poles of the 

* Of. Barnes, *Lond; Math. Soc. Proc' (2), vol. 6, pp. 141-177 (1908). Laplace's 
formula for Pg, valid when |s] is large, has to be used to prove the convergence of the 
integral. 
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integrand; and evaluating the residues, we find the series for Vin descending 
powers of r, valid when r > a. 

3. We now give an outline of the analysis which leads to the series for 
the magnetic force, and with the aid of the calculus of residues we shall 
transform the series into a rapidly convergent series well adapted for 
numerical computation. The analysis of Poincar^ leads to an approximation 
to the dominant term in this series, while the more powerful contour integrals 
of this paper give the complete series. The analysis is made more compact 
by using the Hertzian function and Bessel functions of the types employed 
by March rather than the functions previously used by English analysts. 

It is supposed that the Earth is a homogeneous imperfectly conducting 
sphere of radius a surrounded by homogeneous dielectric. The sending 
apparatus is a Hertzian oscillator at distance h {> a) from the centre of the 
sphere, its axis is along a radius of the sphere and is taken to be the axis 
of harmonics. The oscillator emits simple harmonic waves of period 27r/ft) 
and the electric and magnetic forces at any point are the real parts of the 
vectors E^'''^^ H^'""* ; E and H are connected by Maxwell's equations 

where p, 7 are constants of the medium transmitting the waves. 

The spherical-polar co-ordinates are (r, 6, (f>), the components of E are 
(E^, E0, E^), and the components of H are (H^, H^, H^) ; we also write 

cos d = fJU. 

Then the components of E and H, in the case of symmetry about the 
axis of harmonics, are expressible in terms of the single Hertzian function U 
by the equations* 

1 fd ,, 2, aril ,, _ id^ru) 



^' ~ Tb Vd,^^ ^'^ d^j' ^'-"rb drdd ' ^^ ~- ^ ' 



and n satisfies the wave equation 

(v2+F)n = o, 

where P = —^J- 

Now the Hertzian function due to an oscillator in homogeneous infinite 

space is 

'^ This function differs from March's function by the factor b ; it is identical with 
Love's function in the case of an oscihator surrounded by infinite homogeneous dielectric ; 
the presence of the factor b in the equations is explained by. the equivalence of the 
operators d/dp, d/bd^ so far as functions of r^ - 2br cos B-\-b^ are concerned if (p, (j>^ z) are 
cylindrical co-ordinates. 
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where E denotes the distance of (r, 6, (j}) from (b, 0, 0) ; and this function is 
expansible in the forms 



t «:> 



110= -fz^; t {2n+l)^,ihh)ir,(kr)T,{^), 

M r^. ~ a 



00 



according as r <; 5 or r ^ h, where* 

the symbol H,/^> denoting the second of the two Hankel-Melsen functions 
(which are sometimes called Bessel functions of the third kind). 

We now have to take into account the fact that ^, 7, h have not the same 
values when r < a as when r > a ; we accordingly denote the values of these 
constants for the interior of the Earth by the symbols /3i, 7^•, ki. 

We assume that the disturbance in the Hertzian function outside the 
sphere r = a is IT^^, and that the disturbed function inside the sphere is 11^. 
The appropriate series for lid and Hi are 



% ^ 



n^ -, _ S {2n + 1 ) cin ^n (kr) 1\ (m), 



krb 



n==0 



f, * 



where the coefficients ctn, K are constants. 
The boundary conditions are effectively 

^(no + n,) = /3,n,, -| {rUo + rll,} = ^■{rUi}, 

or or 

when r = a. On substitution we find the value of a^ by solving two linear 
equations ; the value is 



a 



= _ ^ (^^) ["^^ (^) ^^1(M™^^ (^^^) :^« (^)/(^*^)] 



fn {ha) ^n {kAi)-~-^kiy\rn (ha) ^n {ka)/(0iJc) 

and we deduce that the value of 11 just outside the surface of the earth is 
given by 

n/,, 0) = L V C2n + l)l\{fi)irn(ha)^,(kb) 

' ^ krb ,,Zoirniha)^n' {ka)-/3hyjrn' {ha)^n{ka)/{&iky 

provided that we make use of the relation 

'fn (ka) ^n (ka) — f^ (ka) 'fn (kct) = —i. 

We first discuss the limiting case in which h/^i is negligible compared 

^ It should be noticed that this function ^^ differs from the function which Love 
denotes by -^n. 
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with hj ^ ; this assumption is eqiiiYalent to supposing that the earth is a 
perfect conductor. 

The vahie of 11 to be considered is now simply 

To examine the convergence of this series we observe that |P^(/4-)|::^ 1 and, 
as n --^ 00 while h^ a, h remain fixed, 

^n Q^m Kn Oca) -- — Jm {ajhfjn, 

and so the series converges, since by^ a. 

Further, since'^ | P^^ (fi) | :s n^^ it is easy to see that the series obtained by 
differentiating term-by-term is uniformly convergent with regard to /m, and 
so no difficulties occur in obtaining H^ and E^ from II so long m h > a. 

4 If we notice that (2n4-l)I\,(/^)f?i(M)/?«'(M) is the residue at 
-s = ^^ + 1 of 

we are led to the study of the integral 

cos57r . ts-.i^ (ka) 

taken round a suitable contour. 

Since Ps-j(— /i,) = F(|— -5, |4s: 1; |4-|-/^) it is obvious that Ps->|(— /^) 
is an even integral function of s when ^ has any assigned value such that 
— 1 :s /i < 1. Also from the equation 



7r% 



/»oo — Tri 



^-~.#+a:sinh0 ^^0 



— CO 



it is evident that H/^^ (x) is an integral function of s when E (x) is positive, 
and the relation 

shows that ^s-k (^^^)/&-/ i^^) is an even function of 5. 

The integrand is therefore an odd function of s, whose only poles are at 
the zeros of the functions cos stt, ^s-i'X^^^'). 

We assume for the moment (see | 5) that ^^~|'(to), qtia function of s, has 
no zeros on the positive half of the real axis or on the imaginary axis, and 
then we take the contour of integration to be formed by a semicircle of large 
radius E, whose centre is at the origin which lies on the right of the 
imaginary axis, together with that part of the imaginary axis which joins the 

* This follows without difficulty by induction from the equation 

P« + 1' ifi) - P»-- 1' if*) = (2 » + 1 ) Pft (/a). 
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points +Et. It is going to be supposed that K -> + ^ through such values 
that no poles of the integrand ever lie on the contour. 

Since the integrand is an odd function of s, the integral along the part of 
the imaginary axis vanishes. 

Next, consider the integral along the semicircle ; so long a,s =/lz ir, we may 
use Laplace's approximation 

V { ^ n\ ^ ^2lilkElZ^l±iEl 
'^ ^^ ^{isTTBrnd} ' 

which is valid when | s | is large and E (s) >: ; also the dominant terms of 
Hs<^) (x) are 

sinsTT Lr(l— s) r(l+s). 

of which the latter part is negligible except near the ends of the semicircle ; 
it follows that, since the path of integration avoids the infinities of 
fs-|(^^)/?s-A'(^^'^)> the value of this fraction on the contour has its modulus 
comparable with {k/a)(b/a)i~^/(^—s) and so, by an application of Jordan's 
Lemma, the integral round the semicircle tends to zero as the radius tends to 
infinity. Hence the sum of the residues of the integrand at its poles on the 
right of the imaginary axis is zero. If we assume (see § 6) that the zeros of 
^5_/(te) are all simple, and if we call them vi, z^2, ... , we get 

i (271 + 1) P, (/.) f, (kh)/^,^ {ha) + 27r 2 """^'^^l^ v/^^^/S^ = 0, 
/z = o V /r X //r X / ^ Q,oBvTT[d^s--}, {ka)lds\,^^ 

and so we find that when kij jBi is neglected 

^^ ' -^ hob ^ Q,o^vir\d^s~i {ka)lds\s^^' 

and this "equation expresses the transformation of the series for the Hertzian 
function which the object of this paper is to obtain. 

It will be found later (§ 7) that this series converges very rapidly except 
when 6 is quite small, and that term-by-term differentiation with respect to 
6 is permissible, since the test for uniformity of convergence is satisfied. 

Further, it will be shown in § 7 that convergence is uniform with respect 
to h when &^a; and so, by Abel's theorem, we may write 6)^ for h in the 
series when we wish to find the effect due to an oscillator placed on the 
Earth's surface. 

The investigation which lies immediately before us consists of an intensive 
study of the zeros of ^s~i(ka) qua function of s. 

The investigation is simplified by the fact that k is real but is complicated 
by the fact that ka is large, so that asymptotic expansions for Bessel 
functions of large variables have to be employed. It may be stated here 
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that for waves whose length is 5 kiiom., lea is 8000 ; if the wave-length is 

10 kilom. (about the greatest length which is practically realisable), ha is 

4000. 

6. We first prove two results stated in § 4, namely, that ^s-i {ha) does not 

vanish when s is positive or when s is a pure imaginary. To prove them, we 

write 

Vs-hi:^) = (I'Tra!)* H/^) (.^^), 

where x is written for brevity in place of ka, and use the relation 

When s and m are positive, %_x/(^) and ^s-hi^(^) are conjugate complex 
numbers, and so if one vanishes the other also vanishes ; and this is 
impossible in view of the above relation. 

If s is a pure imaginary, the complex conjugate to ^^-../(a;) is fj-s-i (^), and 
this is equal to e^'^^fjs-^' {x); hence if ts-/(^c) vanishes^ so does '7]s-^'{x), and 
this is also impossible. Hence fs-™i/(a?) never vanishes for positive values of 
s or for purely imaginary values. 

6. We shall now examine the behaviour of the functions ^s (ha), ^Z (ka) by 
means of the method of steepest descents. On recalling Sommerfeld's 
inteo-rals for Bessel functions of the third kind, 



H,W (x) = 






'00 + iri j[ 

-00 "^^ 



00 —TTl 



gxsmh vj-~nw rJqrj 



•00 



we see that we shall have to study contour integrals in which the integrand 
jg ^x sinh to- mo ^ I^]^q coutours passiug through stationary points of x sinh. w— mo. 
In the electrical problem under consideration, x is large and positive, while 
n is an unrestricted complex variable. We write* 

n ~ xGOBh{ci-^i0) = 0? cosh 7, 

where a, are real. In view of the fact that asymptotic expansions fail 
when n > X OT n < —x, we suppose that < iS < tt, while a assumes all real 
values ; the requisite cuts in the ?i-plane are effected by this hypothesis. 

The stationary points of sinh i/j— ie? cosh^ are the points +7+2m7r'i, 
where rti assumes all integral values ; we therefore study the contours formed 
by parts of the curves 

I (sinh w—w cosh 7) = + 1 (sinh 7—7 cosh 7). 

The curve on which 

I (sinh w—w cosh 7) = +1 (sinh 7—7 cosh 7) 

■^ There is no risk of confusing these variables ^, y with the physical constants ^, 7 
introduced in § 3. 
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has a double point at i^ — 7 and the inclination of one of its branches there 

is ^TT + I tan~^ (tanh u cot /3). 

This branch will be called Ci, and the other branch through the double 

point will be called C/. 

We shall write 

1 ^ 



S.(i) (x) 



7r% 



^x mih w- mo ^^.^ 



C, 



J ^] 



it is known* that, when a = 0, the functions S^^W (^) and H^^^) (x) are equal 
and that Ci passes from — 00 to 00 +7ri. 
If T is defined by the equation 

sinh?/^— ^t^cosh^ = — r + sinhY— rycosh7, 

then T increases from to 00 as w moves along Ci in either direction from y. 
Similarly the curve 

I (sinh w~ia cosh 7) = — I (sinh y—ry cosh 7) 

has a double point at w =~-y] the branch of the curve which has inclination 




rl^ . 1. 



■5f 



Cf, 'Camb. Phil. Soc. Proc.,' vol. 19, p. 104 (1917). 
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— |7r + itan"i(tanh acot ^) at that point will be called C2, and the other 

branch through this double point will be called Cg'. 

We shall write 

1 



B,P (x) = - 



TTl 



e 



xsinhvj~nvj 



cha 



c. 



and, when a = 0, S^^^^^ (x) = H^^^^ (x). 

Now, if we vary 7 continuously from a value for which a = 0, the curve Ci 
continues to pass from -co to 00 -i-m, until the. curve changes its form by a 
process of bifurcation; such a change can only occur '.when the curve has a 
second double point ; and so bifurcation can occur in|two ways* according as 
the second double point on Ci (or Ci') is the point tu = —y or the point 
w = 27ri—j. We consider the two types of bifurcation in turn. 




f^ « Kft9 « 



The first type occurs when I(sinh7— 7C0sh7) = 0; and it can be shown 
at if a > the branch Ci bifurcates, while if ce < the branch 0/ bifur- 

* In iig. 1 the contours are shown just before bifurcation takes place ; the various 
modes of bifurcation are studied in detail by Debye, * Mllnchen Sitz.,' Abh. 5 (1910). 
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cates. In the latter case the bifurcation does not affect the form of Ci, but 
in the former case, after bifurcation, the curve Ci starts at oo — 7r^ and, after 
passing through 7, ends at 00 +«, so that the value of S«<^^(^) has changed 
abruptly to 

__ ^x^\n\iw-nw ^^ ^ 2Jn (x). 

These bifurcations occur when n is on the curves shown in fig. 2 by 
continuous lines starting from the point n = x. 
The second type of bifurcation occurs when 

I {sinh7'— (7— 7r'i)cosh7} = 0, 

i.e. when n is on the curves shown in fig. 2 by continuous lines starting from 
—a?. If a > the bifurcation does not affect Ci, but if a < the value of 
Sn^^^ (x) becomes 






— CO +2irt 



e 



x&mhw—mo 



dw, 



CO 



and this is equal to 2e'""''''J-n{x). 

Similar arguments apply to S»^^) (x), but it seems unnecessary to give them 
in detail. The following Tables give the expressions for SJ^^ (x), S„^^^ (x), in 
terms of H„^^> (x), HrS^^ (x), for each of the regions of the ?i-plane numbered 
1-7 in fig. 2 : — 



H„<»> iw) 


1, 3,4 


H„<^^ (x) + H„<^> (x) 


2, 6 


H/'(«) + a-''""H/>(^) 


5,7 



H J^> {x) 


1, 2, 5 


H Ji> (x) + H„<2) (^) 


3,7 


e2nni F^(l) (^) 4. SiJ'^) (^) 


4, 6 

■ 



Throughout the plane the following are the dominant terms of the asymptotic 
expansions given by Debye when x is large and 1 7 1 is not small : — 

Sn^i>(^) '-^^^^''"'^Y-Y"^'^^^-^"'' -^ v^{|-TOsin(~^7)}, 

S«(2) (,^) ^ ^-:r(8inhy-vcoshv) + i7ri ^ ^ {-^j^x siu (-^7) } ; 

and term-by-term differentiations of these expansions are permissible, 
whence we find that, if n and x are regarded as the independent variables. 



dn 

dx 

dndx 

VOL. XCV. — A. 



sinh7 . SyS^^(x), 
'— 7sinh7 . S^^^^^), 



dSJ^Hx) 

dn 

dx 
dndx 



jSn^Hx), 

— sinh7 . SrPK^)> 

-— 7sinh7 . S«<^)(^). 

I 
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It follows that the large zeros of HJ^) (x), KJ^^ (x) and their derivates are 
near the curve on which 

E (sinh 7—7 cosh 7) = 0. 

The portions of this curve near which zeros of H„^^^ (x) and its derivates 
lie are shown in fig. 2 by broken lines. 

Since fn-j' (^) -^ (i^r^)^ — H^(^) (x), we see that the large zeros of f^_i' (x) 

are given approximately by the equation 

^a: (sinh y—y cosh y)—|rri -«- ^— a:(sinhy— 7COshy)+|7ri 

i,e, X (sinh 7—7 cosh 7) — -J m = — (m + 1-) « 

where m is an integer large compared with x ; and the corresponding value 
(vm) of V which makes ^^_/ (a?) have a simple zero is 

Vm -^ — (m 4- i) 7^^'/ log m. 

[A closer approximation shows that E (1^^) > 0]. 

7. We can now discuss the nature of the convergence of the series for 
Uf, (a, 6) obtained in § 4. It is obvious from the asymptotic expansion of 
^vP^ (^) given in § 6 that ?"«-/ {x) does not vanish when n lies in any of the 
regions of fig. 2 in which H^^^^ {x) is represented by a single series except 
when 1 7 1 is quite small ; and so all the terms of high rank in the series for 
Uh {a, 6) are comprised in the expression 

z/P^_i ( —fx) ^^_|. {hh) sec w/[3&_|' {ka)/ds]s = ^ 

where v -^ — (m + 1-) m/log m. 

Also, at the largo zeros of ^n-i (^), it is found that the real parts of the 
exponents occurring in the asymptotic expansion of ^n-i(k^), ^n-^(kct) do not 
differ appreciably when h/a is nearly equal to unity ; and so the general 
term in the series for 11^ (a, 6) is roughly equal to 

^y{v'^—■X^) . COS Z^TT . log?/ 

and this is comparable with vh~^"^ l[^ {v'^—x^) . log z/] except when 6 is small. 
It is obvious from the last expression that the convergence properties stated 
at the end of § 4 are deducible from the test of Weierstrass for uniformity 
of convergence. 

8. In order to obtain results of a numerical nature it is necessary to 
investigate those terms in the series for 11^ (a, 6) for which I {v) is com- 
paratively small ; and to do this we shall require approximate formulae for 
^n-i (^) when I7I is small. 
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It has been shown* that, when a = 0, if -i^? = + ry + ^^ and if 
+ -JT^ sinh7 + |-T^cosh7 = — r, then \d (t'-T)/dr\ is a bounded function of 
T and 7 when 0:S/8 - jTrand r is positive. But the fact that this function is 
bounded is obviously not connected with the fact of iy being real, but must 
depend on the fact that, with the exception of r = 0, there is no stationary 
point of T, qua function either of t or of T, which is in the neighbourhood of 
the curves in the ^-plane, and in the T-plane on which r is positive (s:0). 

Suppose now that we confine our attention to those values of 7 for which 
1 7 1 < |. The values of n for which C2 has a second double point are repre- 
sented by the curves which separate the region 3 from the regions 1 and 2 
in fig. 2. The values of n for which the corresponding curve in the T-plane 
has a second double point are represented by the real axis on the right of 
X, and the curve passing from x to the origin (shown by the dotted line in 
fig. 2). The latter curve touches the boundary of the region 1 at x, and 
so, if we exclude from consideration the sectors which are shaded in fig, 2, 
then \d (t — T) /dr] is a bounded function of a?, 7 and r so long as 1 7 1 < J. 

Hence, when 1 7 1 - J and the shaded sectors are excluded from consideration, 
we find that 

where A is a constant depending only on the angles of the sectors. Hence 
we havef 

SrS^)(x) = g-^(«ini^v-y«««i^v){3-nanh7 . e-^-^'^^^Xf)(^) + Ae2X-^}, 

where ^ = -Lix sinh^ 7 sech^ 7, the phase of ^ vanishing with a ; the value 
of Si^^K^) is Hi^^^d) when n lies in the regions 1 and 2, and it is 
Hi<^^ (I) 4-^^''* Hi<^) (^) when n lies in the region 3, the transition taking place 
as n crosses the dotted curve (the equation of the dotted curve may be 
written arg f = ^tt) : and, finally, j ^2 1 :s 1. 
In a similar manner 

so long as 1 7 1 - i and, in addition, n lies in the regions 1 and 3, and is not 
too close to the boundary which separates them from the region 2 ; and 

To discuss the approximate value of H^^^) (x) we examine the function 

a)(n) = e^(«i"hv-y^««i^y)H,,(2)(^)-3-ltanh7 . e-t'^^+^^H|(2)(f^. 

* 'Camb. Phil. Soc. Proc.,' vol. 19, pp. 103-110 (1917); in stating the following 
results, the notation has been modified by taking ^ and y (instead of 7i and y) as 
independent variables. 

t Of. ' Camb. Phil. Soc. Proc.,' vol. 19, p. 110 (1917). 
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Consider the value of m (n) on the boundary of the shaded sector which 
separates the region 1 from the region 3. 

On the arm of the sector which lies in the region 1, we have Q>(n) = A^2^~^ 
On the arm of the sector which lies in the region 3, we have 

X sinh {x (sinh. 7—7 cosh 7 -h |- sinh^ 7 sech^ 7)} H|<^) (f ). 

Now, on this arm of the sector, E{a?(sinh7— 7cosh7)]:^0, and hence, using 
the appropriate approximation when j ^ | is small or large (say less than | or 
more than 8) for H^^^^ (^) and using the fact that it is bounded for inter- 
mediate values, we find that | ©(w) | < Ba?"-*, where B is an absolute constant. 

On the part of the arc I7I =| which forms part of the boundary of the 
shaded region, by using the asymptotic expansions of llj'^^x), H/^^(^), we find 
the same inequality for o){n). 

Now m(n) is analytic throughout the interior of the shaded region and so 
its real and imaginary parts have no true maxima or minima in the shaded 
region. Hence in the shaded region \co(n) | <Bv/2 . x"^. 

Hence in the region 1 and in that part of the region 3 for which 
E(sinh7~7cosh7):^0, by using equations already given for (o{n\ we find 

that 

^x(Bmhy-yco8hv)H^(2)(^) = 3~Hanh 7 . e"-t'^+**m.<2)(|) + (1/x) 

while, in the rest* of the region (3), the function 0{llx) has to be replaced 
]3y g2x(smhv-ycoshy)Q^]^^^^^ ^jjQ constant implied in the symbol being 

independent of 7 so long as 1 7 1 ~ |-. 

It may be shown by purely formal analysis (involving a use of Cauchy's 
theorem) that it is permissible to differentiate this approximate formula with 
regard to n ov x\ and we find that 

-^ — (3i^)""^exp{-~|-7r'i!— ^(sinh7— 7Cosh7) + i^}sech7COsech 7 
X [H,<2) (^) + 3^^H.(^) (1)/^^]. 

The function on the right vanishes when H_|<2>(f) vanishes. The three 

smallest zeros of this function have been calculated by Macdonald ;f their 

values are 

e'^x 0*6854, r^x3-90, 6^^x7*05; 

and from what is known concerning the zeros of Bessel functions of the first 
kind of high order, it is in the highest degree improbable that, when x has any 

* The shaded area near the real axis has to be omitted, but it can easily be discussed 
in a similar manner. 

+ *Koy. Soc. Proc.,' A, vol 90, p. 54 (1914). 
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assigned value exceeding 4000 (this is the smallest value of x which is of 
practical importance), the zeros of d {x^l3Ln^^\x)} j dx, qua function of f, differ 
from these values by more than about 1 per cent, at most. 
The three most important values of n are therefore 

x-^px^e"^"^, 

where p = 0-8083, 2-577, 3-83. 

Also, to a fii'st approximation, 

a3^H„(2) (x) / g-^ {p H,/^> (^)} '^ — cosh^ 7 cosecP 7 

Hence each of the dominant terms in the series for the Hertzian function 

is given by the formula 

ire^ z;P,_^ (-//,) ^ 

ap (ha)^ cos viv 

If \ be the wave-length (measured in kilometres) these terms may be 

written 

3674a-iX-tg^^^-ip^^^(— yLt)seci;7r, 

approximately ; and v takes the values 

40000X-1 + (13-82 - 23-94 i) X"*, 
40000X-1 + (43-93 -76-32 ^) A,-*, 
40000X-l + (65•5-113^)X-i 



Hence by Laplace's approximation when Q is not nearly equal to or tt, 
and by Mehler's approximation* when Q is nearly equal to tt, we find that 
the order of magnitude of the dominant term is exp (—23-94 X"^^), and, 
compared with this, the other terms are negligible. This result is in 
substantial agreement with the approximations obtained by Nicholson and 
Macdonald. It would be easy to construct a table of values of the dominant 
term for various wave-lengths. 

It is to be observed that in this theory there is not a '* focus '' at the 
antipodes of the oscillator ; in fact the magnetic force vanishes at ^ = tt. 

For purposes of comparison it should be noticed that if the Earth were 
replaced by dielectric the Hertzian function at any point of the Earth's 
surface would be exp{ — 2'i/{;a sin ^6} /{2a sin ^0): 

9. We shall now discuss the value of the Hertzian function on the 
hypothesis that the earth is not a perfect conductor. 

* Cf. a forthcoming paper by the present writer in the * Messenger of Mathematics.' 
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The contour integral to be discussed is 



2 



IT 



hob 



s 



cos STT ' i/r^-i {ha) fs_/ (Jca)—/3hy{rs--' (hiO) ^_| {ka)/(/3iJcy 



The sum of the residues at the poles s = -|j s = f , ..., is IT (a, 6); the 
integral along the large semicircle vanishes as before ; and so we find that 

^ ' ^ "" kab y cosz^7r[3^s-i'(^^)^(5)/3s]s = ^ /^«&^J-aDt ' 

where <^ (s) denotes 

1 -/3/^t {-^.-j' {liia)lfs-i {hct)} { &-I (lca)/^s-i (j^^)}/(^J^\ 

and the summation applies to the zeros of ^ (s) for which R (s) > 0. 
Now the values of the constants ^ and y are 

^ = ((T+i€m)/c, y = ifim/c, P = ~-^y, 

where /x is the permeability, e the dielectric constant, o- the conductivity, 
and G is the velocity of light, all measured in rational units. 
The values of the constants are as follows :• — 

For air, e = /a = 1, cr = 0. 

For sea-water, e = 81, /a = 1, o- = 4*26 x 10^^. 

For dry earth, e = 4, />& = 1, <x = 10^. 

It follows that for sea-water M^/k^ = —6000^+81 at least, and that for 
dry earth fei^/P varies between — 26'i4-4 and —52^ + 4, while ^h/0ik 
is Jc/ki, 

These values indicate that <^ (s) differs little from unity in the case of 
sea- water when s is nearly equal to ka, while, even in the case of dry earth, 
the difference is not great. It appears that the series for 11 (a, 0) is not 
much affected. We have, however, to consider the integral, which may be 
written in the form 



'00* 



sP._i(-/OiL-i(M_ {^(_,)_^(,)}^,. 



kaMjQ coss7r<^(s)i<^(— s)fs~|'(^^) 
ISTow 

^^ 'V^^^ hl,^'{ka)\ir-s^.(ha) fs-i (ha) J 

— — ^ ^s-i(ka) 2sing7r 

h &-i' (ka) Js (ha) J~s (ha) ' 

Now when s is a pure imaginary and less than h this is approximately 

_ ^ /i _ ^^^~* 2 sinsTT 



ih\ x^l ' Js(h<a)'S-s(ha) 
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The approximate value of | Js(^ia) J _«(&#) | when s = is 

exp {2'R{hi)a}-^{2w\hiaW 

and the exponent is 80000 X~^ E {hjh) ; by using the complete system of 
asymptotic expansions when s i^fc 0, we find that the integral is convergent 
and is of order of magnitude exp { — 80000 X~^E(yfci/l^)}. It follows by easy 
arithmetic that the integral is negligible compared with the series. The 
effect of the waves which pass through the Earth is therefore trivial com- 
pared with that of the waves which travel round the Earth. 

10. If we take the series for Tla (^, 6) and expand sec vir into the series 
2 {g-»'^ -g-3,.lr^^g-.5v1ri_^^ j. g^j^^j multiply the result by e^C'^-^)^, g~i/(w~e)i^ which 

are the exponential factors in Laplace's approximation for P^(— /i), the 
separate terms in the product denote the disturbances produced by waves 
travelling from the oscillator in either direction round the Earth after 
passing completely round 0, 1, 2, ..., times. There seems to be no 
similar physical significance for the separate terms corresponding to different 
values of I/. 



Note on the Effect of Wind Pressure on the Pitch of Organ Pipes. 

By A. Mallock, F.E.S. 

(Eeceived May 30, 1918.) 

In books on acoustics the pitch of organ pipes is treated as being dependent 
solely on the length of the pipe, while at the same time it is recognised that, 
as a consequence of the conditions existing at the open end or ends, the 
length in question is somewhat greater than that of the pipe itself. The 
" correction for open ends" has been calculated for particular cases, and for 
the open end of a pipe of circular section amounts to an addition to its 
length of about 0*82 times the radius. The conditions at the base, or 
speaking end, are more complex, and for this (as far as I am aware) no 
similar correction has been worked out. For these reasons the natural 
pitch of an organ pipe cannot be accurately determined from its material 
dimensions, but only by experiment; such, for instance, as noting the 
frequency of an exterior source of sound which produces the maximum 
resonance in the pipe. 

When an organ pipe is made to "speak" in the ordinary way, it is a 
matter of common knowledge that the pitch of note produced is to some 



